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ABSTRACT: The significance of linear density equilibration time, 2τR, of a polymer chain in Doi-Edwards
(DE) tube model theory was investigated for the relaxation modulus, G(t,γ), at various magnitudes of
shear, γ, for polystyrene solutions. The longest Rouse relaxation time, τR, was defined by assuming that
the Rouse model is applicable to the dynamic modulus, G′(ω), provided that G′ ∝ ω1/2over a range of
angular frequency, ω. The time-dependent damping function, h(t,γ) ) G(t,γ)/G(t,0), as a function of γ and
reduced time, t/2τR, was common to solutions with a low number of entanglements per molecule, N )
5-18. h(t,γ) leveled off at t/2τR ) 10-20 to a limiting value, h(γ), approximately equal to the DE theoretical
value. It was inferred that the diffusion of chain coil and the retraction of extended chain proceeded
independently. For systems with high N, h(t,γ) was not that simple. A reduced modulus, G(t,γ)/GN at
high γ (3 and 5), as a function of t/2τR was common to samples with N ) 14-59 at times t/2τR < 10. Here
GN is the entanglement modulus. In the same range, G(t,0)/GN was a universal function of t/τ1, where τ1

is the longest stress relaxation time. The result may imply that stress relaxation at high γ is due mostly
to chain retraction in contrast with that at low γ. At t/2τR > 10, h(t,γ) as well as G(t,γ)/GN varied in a
complicated manner, which may be affected not only by 2τR but also by τ1.

Introduction
In the tube model theory of entangled polymers, two

characteristic times play important roles.1,2 One is the
time in which the gross orientation of the chain coil
completely changes, and it is associated with the longest
stress relaxation time. The other is the time for equili-
bration of the linear density of polymer along its contour
and is much shorter than the former. It is associated
with nonlinear rheological phenomena at large defor-
mations or at high rates of deformation.2 In these cases
the chain may extend and shrink back toward its
equilibrium length. Shrinking is a kind of linear density
equilibration and so is assumed to proceed with the
same characteristic time. This is presumed to be equal
to twice the longest Rouse relaxation time of a chain in
the entangled system, τR. However, unanimous evalu-
ation method of τR is not established, as discussed later.

The significance of the chain shrink was first recog-
nized with respect to the shear relaxation modulus,
G(t,γ), at high magnitude of shear, γ, for solutions of
polymers with sharp molecular weight distribution.2
The nonlinear feature of G(t,γ) may be represented by
a time-dependent damping function,

Here G(t) is the limiting value of G(t,γ) at γ ) 0. In early
studies for moderately entangled systems,3-5 it was
revealed to decrease with time and to level off to a
theoretically expected value, h(γ), at a certain time, tk.

The tk value was independent of γ. For a few materials,
it was proportional to the square of molecular weight,
M, the same variation as expected for τR.6,7 A rough

estimation of τR from the longest relaxation time gave
an approximate relation

This seemed to represent a measure of sufficiently long
time for completion of shrink process. Moreover, h(t,γ)
was revealed to be a universal function of a reduced
time, t/tk, for some moderately entangled polymer solu-
tions.7,8 These features were conceptually consistent
with early version of modified tube model theory, taking
the extension and retraction of chain into consideration.9

On the other hand, the behavior of h(t,γ) for highly
entangled systems, with number of entanglement per
molecule, N, higher than 50, was completely different
from that of moderately entangled systems.3,5,10,11 Some
theoretical12 and experimental13 studies have suggested
the possibility of internal slip and instability of defor-
mation in highly entangled systems. Recently, Archer
et al. claimed with extensive data that the high N
behavior was not due to slip and that it developed rather
continuously with increasing N: it was detected at N
values as low as 25.11,14 They argued also that tk varied
with γ even at relatively low N; tk or a similarly defined
characteristic time for damping of G(t,γ) was not cor-
related with τR. The present authors also suggested that
tk may not be directly related to the retraction process.15

Thus, the simple interpretation of h(t,γ) and significance
of τR in stress relaxation process are at stake.

In the present paper, we investigate the significance
of τR in stress relaxation for polystyrene solutions. Our
maneuver is to look for universal relations for h(t,γ) or
G(t,γ) as a function of t/2τR for polymeric systems with
various degrees of entanglement.

One of the difficulties in this issue is that evaluation
method, or definition related to measurable quantities,
of τR is ambiguous. Known equations give quite different

tk ≈ 5(2τR) (3)

h(t,γ) )
G(t,γ)
G(t)

(1)

G(t,γ) ) G(t) h(γ) (t > tk) (2)

4718 Macromolecules 2002, 35, 4718-4724

10.1021/ma012149g CCC: $22.00 © 2002 American Chemical Society
Published on Web 05/03/2002



τR values for the same material.15-18 In a previous study
we proposed a new method to evaluate τR from dynamic
modulus, G′(ω).17 This varies as

over a relatively wide range of angular frequency, ω,
around the crossover range of rubbery plateau and
glass-to-rubber transition zones. The variation is the
same as expected for the Rouse theory,19 and so τR can
be determined by fitting the data to the theory. Ex-
amples of G′(ω) data and fitting results with the Rouse
theory can be found in a series of our papers.15,17 An
extensive study for one polystyrene solution15 showed
that the τR value was relatively low and tk ≈ 20(2τR)
instead of eq 3, 2τR approximately corresponded to the
time when h(t,γ) decreased rapidly, and (2τR)-1 was
appropriate as the rate constant for chain shrink in
shear flow of constant rate. Being conscious of possible
criticisms on our evaluation method of τR, we will
compare our method with others in the last part of the
paper.

Methods
Materials. Measurements were carried out for polystyrene

(PS) solutions in tricresyl phosphate (TCP). Polystyrene
samples, f850, f550, f288, and f128, were standard samples
from Toso Co., Ltd., with sharp molecular weight distributions.
Molecular weights and concentrations are listed in Table 1.
Concentration is expressed in volume fraction, φ, calculated
assuming volume additivity of polymer and solvent and with
densities FPS ) 1070 kg m-3 and FTCP ) 1167 kg m-3. Some of
the solutions, f288-10T, f128-10T, and f550-049T, are the same
ones as used for studies of the longest Rouse relaxation time
and the stress overshoot.17,20 Preparation of test solutions were
described previously.17

Measurements. A standard rheometer (ARES; Rheomet-
rics Scientific Far East) was used for all the measurements.
A parallel plate fixture with 25 mm diameter was employed
for dynamic measurements for f850-10T and f550-10T. The
complex modulus was measured over a temperature, T, range
from 243 to 358 K and reduced to a reference temperature Tr

) 273 K with the method of reduced variables.21 A vertical
shift factor21,22 approximately proportional to the absolute
temperature was required to get good master curves. The
procedure and the properties of shift factors have been
described in details.17 Values of viscosity, η, steady shear
compliance, Je, and entanglement modulus, GN, are given in
Table 1.

For measurements of relaxation modulus, a cone-plate
fixture with diameter 25 mm was used. Temperatures of
measurement were 323 K for f850-10T, 298 K for f550-10T,

f288-10T, and f550-049T, and 273 K for f128-10T. Data of
relaxation modulus were reduced to 273 K with the same shift
factors as employed for the complex modulus (log aT Z -1.2
for 298 K and log aT ) -2.0 for 323 K). A stepwise shear of
various magnitudes up to 5.0 was applied within 0.02 s, but
reliable data of shear stress were obtained only for t > 0.1 s.
This was confirmed through comparison with the values
calculated from the dynamic data for small strains and
through comparison of data at various temperatures. Data at
shorter times were discarded. Shear stress was measurable
to within (0.1 Pa for t < 103 s. The precision was worse at
longer times. Thus, measurements were preferably done at t/s
< 103.

Data for PS in DEP from Archer et al. Papers by Archer
et al. present extensive data of relaxation modulus for poly-
styrene solutions in diethyl phthalate (DEP) in the range of
molecular weight and concentration comparable with present
measurements.11,14 In addition, they gave parameters of linear
viscoelasticity such as viscosity and entanglement modulus at
relevant temperatures. This gives us a rare opportunity of
comparing published data of different origins. Data of G(t,γ)
were reproduced from the figures of refs 11 and 14 and
compared with the present data. Basic parameters are shown
in Table 2.

Results
Complex Modulus and Basic Parameters. An

example of complex modulus was given earlier for
sample f550-049T together with the evaluation methods
of parameters.15 The viscosity, η, and the coefficient of
dynamic modulus, AG, were determined from the low-
frequency limiting behavior:

The steady shear compliance, Je, and the second mo-
ment of the relaxation times, τw, are given by

The entanglement modulus, GN, was determined from
the inflection point of the curve for log G′ vs log ω. Most
of parameters for polystyrene solutions in DEP by
Archer et al. were numerically given in the papers.11,14

The entanglement modulus for PS20M-1 and PS20M-2

Table 1. Test Solutions of Polystyrene in Tricresyl Phosphate and Basic Parameters

code M/kg mol-1 φ T/K GN/Pa η/Pa s Je/Pa-1 τR/s N

f850-10T 8420 0.093 273 1000 5.50E+06b 4.2E-03 56.1 37.2
f550-10T 5480 0.093 273 1150 2.07E+06 2.8E-03 27.6 27.8
f288-10Ta 2890 0.093 273 1100 1.28E+05 3.3E-03 4.64 14.0
f128-10Ta 1090 0.093 273 1200 4.10E+03 2.0E-03 0.58 5.8
f550-049Ta 5480 0.046 273 210 9.00E+03 2.0E-02 2.61 10.4

a Data from ref 7. b Read as 5.50 × 106.

Table 2. Parameters for of Polystyrene in Diethyl Phthalate by Archer et al.

code M/kg mol-1 φ T/K GN/Pa η/Pa s Je/Pa-1 τR/s N

PS-8P42Ma 8420 0.18 289.5 4900 1.36E+06d 1.0E-03 0.80 86.5
PS-5P5Ma 5480 0.18 289.5 4800 4.41E+05 7.7E-04 0.49 55.1
PS-1P8Ma 1810 0.18 289.5 4600 7.46E+03 7.6E-04 0.044 17.5
PS20M-2b 20600 0.043 301 210c 8.20E+03 2.1E-02 0.35 37.6
PS20M-1b 20600 0.016 301 15c 5.31E+01 2.5E-01 0.32 7.2

a Data from ref 14. b Data from ref 11. c Determined from Figure 1 of ref 11. d Read as 1.36 × 106.

G′ ) aω1/2 (4)

G′′(ω) ) ηω (5)

G′(ω) ) AGω2 (6)

Je )
AG

η2
(7)

τw )
AG

η
) Jeη (8)
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was determined from their figure through the same
method as above.

The Entanglement Molecular Weight. The GN
values reduced to 273 K assuming that GN ∝ T are
plotted against φ in Figure 1A. Data points for solutions
in DEP and TCP are approximately fitted with a thick
line corresponding to

The entanglement molecular weight Me was determined
from Me ) FPSφRT/GN as

This is approximately equivalent to set of equations
proposed for PS solutions in Aroclor.17

Equation 11 corresponds to the dotted line in Figure
1A and eq 12 to the thin solid line. These equations were
applicable also to PS solutions in TCP and in dioctyl
phthalate, a Θ solvent. The entanglement molecular
weight does not seem to vary with solvent species.

The Me value from GN is used throughout this paper
for evaluating number of entanglements per chain, N
) M/Me. The N values for PS20M-1 and PS20M-2 in
Table 2 are different from those given in the original
paper (Table 1 of ref 11; N/Ne in its notation). The
difference comes from the equation for Me cited and used
in ref 11.

The Longest Rouse Relaxation Time. In a previ-
ous paper, we defined the longest Rouse relaxation time,
τR, as one determined from the coefficient, a, of the
power law behavior, eq 4, and revealed that it could be
approximated by the value derived from the viscosity
with the following formula:17

Here, c is concentration in units of weight per volume
(FPSφ). In the present study, we employ this equation
for our data and those of Archer et al.11,14 so that we
can compare the data sets by the two groups on the
same basis. The difference between τR estimated from
a and eq 13 is expected to be less than 10%.

The ratio of two characteristic times, τw/τR, is plotted
against the number of entanglement, N, in Figure 1B.
The line represents the relation

Comparing eqs 13 and 14 and with use of eq 8, we see
that eq 14 corresponds to a relation JeGN ) 3.7, which
is actually in accord with the data in Tables 1 and 2.

As mentioned earlier, many methods have been
proposed for evaluation of τR. Most of them are equiva-
lent concerning how τR varies with M and c, and the
only difference is numerical factors.16 The features
concerning variation of G(t,γ) or h(t,γ) with t/2τR for
various samples, as discussed later, will not be affected
if such evaluation methods are employed.

Strain-Dependent Relaxation Modulus. Relax-
ation moduli, G(t,γ), for f128-10T (N ) 5.8), f550-049T
(N ) 10.4), and f288-10T (N ) 14.0) are shown in Figure
2. G(t,γ) for f550-10T (N ) 27.8) and f850-10T (N ) 37.2)
are shown in Figure 3. It may be worthwhile to note
that the t-1/2 dependence of G(t), which corresponds to
G′ ) aω1/2, locates at much more shorter times of
Figures 2 and 3.

Figure 2 shows examples of systems with a low
number of entanglement per molecule. For these sys-
tems G(t,γ) at γ less than 0.3 is independent of γ and
represents the linear relaxation modulus, G(t). The
time-dependent damping function, h(t,γ), is a decreasing
function of t and γ, and it levels off at a certain time. In
other words, G(t,γ) is factorable as eq 2 at times longer
than a certain critical time, tk: 11 s for f128-10T, 100 s
for f550-049T, and 350 s for f288-10T. For PS in DEP,
samples PS20M-1 (N ) 7.2) and PS-1P8M (N ) 17.5)
belong to the same type.

Samples f550-10T and f850-10T belong to high N
samples, for which G(t,γ) varies in a complicated man-
ner as described in detail by Archer et al.11,14 Here we
briefly review the features for f850-10T in the bottom
panel of Figure 3. The line at the top for γ ) 0.06
represents the linear relaxation modulus, G(t). This
agrees with the result for γ ) 0.08 and with one derived
from the data of dynamic viscoelasticity via relaxation
spectrum. The effect of increasing strain is not much
noticeable in the range of γ e 0.1 but very much at γ >
0.1. Thus, the G(t,γ) for γ ) 0.3 exhibits a large deviation
from G(t) at relatively long times, about 104 s. The
marked nonlinearity in this range of γ is in sharp
contrast with that for systems with low N. The curve
for γ ) 1 appears to decrease fast in two steps: around

Figure 1. Entanglement modulus (panel A) and ratio τw/τR
(panel B) for polystyrene in TCP (unfilled marks) and in DEP
(filled marks). Filled circles: φ ) 0.18; unfilled circles: φ )
0.093; triangles: lower φ. In upper panel, thick solid line: eq
9 corresponding to eq 10; dotted line corresponds to eq 11; thin
line corresponds to eq 12 (extended for φ < 0.1). Line of lower
panel represents eq 14.

GN/MPa ) 0.24φ
2.3 (φ e 0.18) (9)

Me/kg mol-1 ) 10.2φ
-1.3 (φ e 0.18) (10)

Me/kg mol-1 ) 7.3φ
-1.4 (φ e 0.10) (11)

Me/kg mol-1 ) 18φ
-1.0 (φ g 0.10) (12)

τR ) 6Mη
π2cRT(1.5

N )2.4
(13)

τw

τR
) 2.24N1.4 (14)
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(1-10) × 103 s and at very long times of the order of τw
() 2.3 × 103 s). At γ ) 4 and 5, another fast decrease at
shorter times around 5 × 102 s is seen. The time-
dependent damping function of eq 1 is evidently very
complicated.

Discussion
Time-Dependent Damping Function for Rela-

tively Low N. For moderately entangled systems, it is
known that G(t,γ) at various strains collapsed in a single
curve for t > tk. This is also true for the present results
for systems with N e 18 of Tables 1 and 2. This
universal behavior can be examined more in detail with
the time-dependent damping function, h(t,γ). It was
suggested in earlier studies that h(t,γ) might be a
universal function of t/2τR for lightly entangled sys-
tems.7,8 h(t,γ) (γ ) 3 and 5) for systems with N ) 18 of
Tables 1 and 2 are plotted against a reduced time, t/2τR,
in Figure 4. The curves for various samples are similar
and lie quite close to one another. Considering reason-
able precision of (10% for each of h and τR, as indicated
with a square in the upper panel, we conclude that h(t,γ)
as a function of t/2τR is a universal function for samples
with N ) 18.

Log h(t,γ) decreases steadily up to about t/2τR ) 10-
20 and levels off. In earlier studies, the time where h

leveled off was taken as a characteristic time, tk, which
was approximately equal to 5(2τR).7,8 Data of Figure 4
indicate that it is not smaller than 10(2τR). With use of
the earlier notation, tk, for the time at which h(t,γ) levels
off, we get

The discrepancy from the earlier statement is due to
the larger τR in earlier papers.15,17

It is well established that a reduced linear relaxation
modulus G(t)/GN is a unique function of a reduced time

Figure 2. Relaxation modulus, G(t,γ), for f128-10T at 273 K
(panel A), f550-049T measured at 298 K and reduced to 273
K (panel B), and f288-10T at 273 K (panel C). Magnitudes of
shear are γ ) 0.1, 0.4, 1.0, 2.0, 3.0, 4.0, and 5.0, from top, on
each panel.

Figure 3. Relaxation modulus, G(t,γ), for f550-10T measured
at 298 K and reduced to 273 K at γ ) 0.06, 0.3, 1.0, 2.0, 3.0,
4.0, and 5.0, from top (panel A). G(t,γ) for f850-10T measured
at 323 K and reduced to 273 K at γ ) 0.06, 0.1, 0.3, 1.0, 2.0,
3.0, 4.0, and 5.0, from top (panel B).

Figure 4. Time-dependent damping function plotted against
reduced time, t/2τR, for N e 18. Thin line: f288-10T; broken
line: f128-10T; thick line: f550-049T; circles: PS1P-8M;
triangles:PS20P-1. Square in panel A indicates precision of
(10% for each of h and τR.

tk ≈ 10(2τR) or tk g 10(2τR) (15)
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t/τw in the terminal flow zone.22 This statement was
approximately good at times t/τw > 0.3 for the moder-
ately entangled systems shown in Figure 4. The result
of Figure 4 implies that G(t,γ) is a product of two
functions, G(t) and h(t,γ), with different characteristic
relaxation times, τw and 2τR, respectively. The reduced
relaxation modulus, G(t,γ)/GN, is plotted against t/2τR
in Figure 5. At long times, t > 2τR, the relaxation of
G(t,γ) is actually affected by τw as well as 2τR, and the
reduced moduli, G(t,γ)/GN, for various systems do not
lie on one composite curve when plotted against t/2τR
or t/τw. Presumably, the slower process is the relaxation
of polymer coil orientation due to translational diffusion,
and the faster process is the retraction of extended
chains. The result for lightly entangled systems implies
that these proceed concurrently of each other.

Incidentally, G(t,γ)/GN for various samples plotted
against t/2τR lie on one composite curve at short times,
t < 2τR, at each γ value including the small strain limit.
Thus, for moderately entangled systems, relaxation of
G(t) as well as h(t,γ) is characterized with one time
constant, 2τR, over certain period at t < 2τR.

Behavior at Large Strains for Systems with
High N. As readily guessed from the result of Archer
et al.11,14 and from Figure 3, the time-dependent damp-
ing function, h(t,γ), for highly entangled samples was
complicated, and we were not able to find any significant
features. On the other hand, behavior of the reduced
relaxation modulus, G(t,γ)/GN, as a function of the
reduced time, t/2τR, turned out to be quite simple. The
reduced plot is shown in Figure 6 for samples with
N g 14.

Before starting to see details of the figure, we make
another reduced plot for the same data. Reduced
relaxation modulus, G(t,γ)/GN, is plotted against t/τ1 in
Figure 7. The time constant τ1, slightly different from
τw for some of the samples, was determined so that plot
of G(t)/GN vs t/τ1 for various samples lay on one curve
at long times. It was adjusted to get a composite curve
for small γ at the level of log(G/GN) ) -1 corresponding
to t ≈ τw: τ1 ) τw for f550-10T, f288-10T, PS-1P8M, and
PS20M-2; log(τ1/τw) ) -0.13 for f850-10T, -0.13 for PS-
8P42M, and -0.08 for PS-5P5M.

At small strains, the reduced modulus, G(t)/GN, is a
universal function of a reduced time, t/τ1, over whole
range of time, t/τ1 > 10-3, of Figure 7 (top panel). This
is a well-known behavior.22 Relaxation of stress at small
strains may involve various molecular dynamic pro-
cesses,23 but it is characterized with one characteristic
time, τ1, for high-N systems. The data in the top panel
of Figure 6 do not form a composite curve but lie in the
order of increasing N from left to right. This is true even
at quite short times like t ≈ 2τR.

At higher strains, γ ) 3 or 5, Figure 6 exhibits a
simple feature at short times. For all the samples but
PS-8P42M, which has the highest value of N ) 87, the
data points lie approximately on one line at t/2τR < 10.
Thus, the relaxation in this range is characterized by
2τR. Data for various N lie in an irregular way at short
times in Figure 7. A simple interpretation is that the
stress relaxation is due to the retraction of chains
extended in large deformation, and the relaxation

Figure 5. Reduced relaxation modulus, G(t,γ)/GN, plotted
against reduced time, t/2τR, for N e 18. Symbols and lines are
the same as in Figure 4.

Figure 6. Reduced relaxation modulus, G(t,γ)/GN, plotted
against reduced time, t/2τR, for N g 14. Thick line: f850-10T;
thin line: f550-10T; thin broken line: f288-10T; black filled
circles: PS-8P42M; filled squares: PS-5P5M; unfilled circles:
PS-1P8M; triangles: PS20M-2. Data in panel A lie in order of
increasing N from left to right.
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process with characteristic time τ1 is suppressed. This
behavior is in contrast with that at low N values where
two relaxation mechanisms proceed concurrently.

The sudden change of rate of decrease of G(t,γ) or a
kink in the curve of log G(t,γ) vs log t is one of the
anomalies for high-N systems. It is seen in Figure 6 that
the kinks, if at all, for various samples are located at t
) 10(2τR). It may be noted that this time corresponds
to the time where h(t,γ) levels off for moderately
entangled systems (eq 15). In any case the chain
retraction plays an important role in stress relaxation
at times shorter than 10(2τR).

The reduced modulus as a function of t/2τR varies in
a complicated manner at large strains, γ ) 3 or 5, at
long times, t/2τR > 10. The shape of the curve for high-N
systems shows some similarity to that at small strains
and apparently is affected by the longest stress relax-
ation time, τ1. Turning to Figure 7, we note that data
at γ ) 3 or 5 for many samples lie on a same line at
long times around t/τ1 ) 1. These include samples with
very high N, PS-8P42M with N ) 87 and PS-5P5M with
N ) 55, and those with relatively low N, f288-10T with
N ) 14 and PS-1P8M with N ) 18. So in the plot of
G(t,γ)/GN vs t/τ1 for γ ) 3 or 5, the behavior of
moderately entangled systems and that of very high N
systems are common at t/τ1 ≈ 1. The relatively slow
relaxation of G(t,γ) following the kink or starting at t ≈
10(2τR) for very high N seems to represent transition
from the common feature at t e 10(2τR) seen in Figure
6 to that at long times, t/τ1 ≈ 1, in Figure 7. Such a

clear transition is missing for intermediate systems:
f550-10T, f850-10T, and PS20M-2 with N ) 28, 37, and
38, respectively. The result may not be understood with
the present level of modified tube model theories.9,24,25

The Longest Rouse Relaxation Time. Here the
longest Rouse relaxation time, τR, was defined as the
value obtained by fitting the Rouse theory to the data
of dynamic modulus if this was approximated with eq
4. Equation 13 was actually employed to derive the
approximate value from viscosity. It may be noted that
the equation is similar to a widely used one.26

This was derived under an assumption that the viscosity
at a certain molecular weight, Mc, was described by the
Rouse theory and that η is proportional to M3.4 at Mc <
M. An often-cited value of Mc for polystyrene solutions
is27

which gives τR values 6.3 times as large as the present
values. On the other hand, the set of eqs 16 and 17 gives
τR values that vary with M and c in the same way as
the set of eqs 10 and 13 gives. The main results of the
present paper, as represented by Figures 4-7, are not
affected by the magnitude of τR and can be derived with
the former set. As for the magnitude of τR, we claimed
in a previous paper that the smaller value was prefer-
able to represent observed flow behavior possibly related
to the chain retraction process.15

Another proposal is to assume that the longest
relaxation time, τw, at a certain molecular weight, Mc,
is related to τR and that τw is proportional to M3.4 at Mc
< M. The equation obtained after some theoretical
handling is18

Assuming that Mc is proportional to Me, this equation
gives τR values that vary with M and c in the same way
as the set of eqs 10 and 13 gives. In particular, eq 14 is
obtained from eq 18 with the choice of Mc ) 1.5Me and
the experimental result

applicable to the data used in this study.
In the above evaluations of τR, the result is affected

by Me values. The present result and the result for
stress overshoot study20 are consistent with the formula
that Me ∝ φ-1.3 (or φ-1.4) at φ < 0.2. Pattamaprom and
Larson used Me ∝ φ-1.0(eq 12) at relatively low c,
together with eq 17 and with an assumption that Mc )
2Me, to derive a low τR value consistent with the steady
shear data.18 This choice may not be consistent with the
similar data obtained for samples with various M and
c.20 The difficulty might have been circumvented by
assuming Mc ) 1.5Me instead of Mc ) 2Me. The
ambiguity in Mc seems to be causing complications in
many studies.16 Experimental data of Mc have to be
reinvestigated in relevant range of c. Also, we have to
check the assumption that the Rouse theory is ap-
plicable at M < Mc. Actually, the complex modulus of
nonentangled solutions with high M and low c cannot

Figure 7. Reduced relaxation modulus, G(t,γ)/GN, plotted
against reduced time, t/τ1, for N g 14. Marks and lines as in
Figure 6. See text for definition of τ1.

τR ) 6Mη
π2cRT

(Mc

M )2.5

(16)

Mc/kg mol-1 ) 33φ
-1.3 (17)

τR )
τw

4 (Mc

M )1.4

(18)

JeGN ) 3.7 (19)
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be fitted precisely with the Rouse model theory.28 The
τR value at M ) Me derived from viscosity with the
formula for the Rouse theory is about 80% higher than
that obtained by curve fitting at high frequencies.

The concepts of τR mentioned above are related to the
fact that viscoelasticity of nonentangled systems is
similar to that expected for the Rouse model to some
extent.29 In some of the modified tube model theories,
terms corresponding to the Rouse theory are adapted
to represent the short time behavior and are treated as
part of an entangled system.24,25,30 The longest Rouse
relaxation time is estimated through comparing the
theory and experiment. Provided that eq 4 is applicable
to data over a certain range of frequency, it can be
obtained by curve fitting. This procedure is exactly the
same as one used for definition of τR of the present
study.17 Thus, the theories should give the same τR value
as defined in the present study as long as high-
frequency data are utilized. Equation 13 is an empirical
formula to derive the same τR from viscosity for mod-
erately entangled polystyrene solutions.17

One of the reasons that τR has been derived from
viscosity is the difficulty in getting high-frequency data.
This is not a big problem nowadays. Another reason is
that the power law behavior of eq 4 is difficult to detect
for polymer melts since GN is high and the low frequency
range of the power law zone is covered. However, it is
not true for solutions with relatively low concentrations.
It is easy and precise to get τR from high-frequency data.
Comparison of theoretical τw/τR or η/τR values with those
from experiment, with τw or η from low-frequency data
and τR from high-frequency data, may be a good method
to test theories for semidilute entangled systems.

Concluding Remarks
The longest Rouse relaxation time, τR, seems to be

an important characteristic quantity to determine the
behavior of the relaxation modulus, G(t,γ), for entangled
polystyrene solutions. For systems with a low number
of entanglements per molecule, N, the time-dependent
damping function, h(t,γ), at large strains is a universal
function of a reduced time t/2τR. This implies that the
chain retraction proceeds independently of the relax-
ation of coil orientation or coil diffusion, which is
responsible for the stress relaxation at small strains.
The retraction completes at t/2τR ) 10-20. The two
relaxation processes may proceed independently when
τw and 10(2τR) are of the same order of magnitude,
which is the case for small N.

Similar behavior has been reported for solutions of
star-branched polystyrene with Na ) 11, where Na is
the number of entanglements per longest contour of
chain, i.e., twice the length of a branch.31 h(t,γ) for a
branched polymer is approximately equal to that for a
linear polymer with N ) Na. The longest Rouse relax-
ation times are expected to be the same for such
systems, and the behavior of h(t,γ) is consistent with
the present result.

On the other hand, a reduced relaxation modulus,
G(t,γ)/GN, at large strains is a universal function of t/2τR
in the range t/2τR < 10 for systems with high N. Thus,
the stress relaxation is due to the chain retraction in
this range. It may be reasonable that the stress mostly

relaxes through the faster process. The relaxation of
G(t,γ)/GN slows down at t/2τR ) 10 over a certain period,
which increases with increasing N, and then becomes
similar to that of G(t)/GN with the characteristic time
τ1. The relaxation of coil orientation is suppressed even
after the end of main retraction process at t/2τR ) 10.
The suppressed relaxation at large strains was men-
tioned by Mhetar and Archer,32 but its relation to the
present observation is not clear.
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